
FUNCTIONS 

Understanding Calculus requires a strong understanding of functions and function notation. This section covers: 

 The Definition of a Function and Function Notation 

 Independent and Dependent Variables 

 Domain and Range 

 Function Operations 

 Inverse Functions 

THE DEFINITION OF A FUNCTION AND FUNCTION NOTATION 

What is a function? By this point, everyone has seen the following expression: 

 

This is read as “the function of ‘F’ at ‘x’” or simply “’F’ at ‘x’”. The expression is usually followed by an equation that 

defines the function. 

 

This reads as “the function of ‘F’ at ‘x’ equals ‘x’ plus 2”. But what is this telling us, exactly? 

In the simplest terms, a function is something we can do to a set of numbers. They can have a single step or 

multiple steps.   

A function can also be thought of as a kind of shorthand, or a way to write things out without getting a cramp in 

your hand. This becomes clear when functions become more complex. For example: 

 

This function takes a number, multiplies it by 3, adds 2 to the result, then divides it by the original number 

squared, and after all of that, subtracts four from the total.  

𝐹 𝑥 =
3𝑥 + 2

𝑥2
−  4 

𝐹 𝑥 = 𝑥 + 2 

𝐹 𝑥  



 

Function notation consists of two parts. It begins with a function name. Capitalized letters are usually used for 

function names. ‘F’ is the most common name given to functions. (Math folks may be brilliant, but they are not 

always creative.) 

 

 

When a function serves a specific purpose, the function name often reflects the purpose. The function in the next 

example would be used to calculate price of an item after sales tax; it has been named ‘P’ for price. 

𝐹 𝑥  

𝐺 𝑥 = 10𝑥2 

𝐻 𝑥 = (10𝑥)2 

𝐺 1 = 10(1)2 = 10(1) =  10 

𝐻 1 = (10 ∗ 1)2 = 102 =  100 

𝐹 𝑥 =  𝑠𝑖𝑛2(3𝑥2 − 5) 

𝐹 𝑥 =  (sin(3𝑥2 − 5))2  

ORDER OF OPERATIONS 

When working with functions in Calculus, be aware of the order of operations in a function. For example:  

The function G(x) squares a number, and then multiplies the result by 10. The function H(x) multiplies a 

number by 10, and then squares the result. The two functions are not the same. 

When functions are very complex, using parentheses can help clarify order of operations. Sometimes, 

writing out a list of instructions helps. For example: 

F(x) may seem clearer when written using parentheses like this: 

Or as a set of instructions: 

Square ‘x’, multiply by 3, then subtract 5. 

Find sine of the result. 

Square the result. 

This information will be essential when covering the CHAIN RULE. 



 

 

The second part of function notation names the function input. In the above example, ‘x’ represents whatever 

value you might plug into the function. ‘X’ is a variable, because it can be given different values. 

 

When other values, variables, or expressions are plugged into a function, this is reflected in the function notation.  

 

The top line could be considered the function’s definition. 

𝑓 𝑥 = 5𝑥 

𝑓 5 =  5 5 = 25 

𝑓 𝑦 − 3 =  5  𝑦 − 3 =  5𝑦 − 15 

𝑃 𝑥 = 𝑥 ∗ 1.06 

𝑓(𝑥) = 3𝜋 +  𝑒4  

Variables and Symbols 

Be careful! Sometimes, symbols are used to represent constant numbers. When these appear, these 

symbols should not be treated as variables. 

Two important numbers, 𝜋 and 𝑒, or pi and Euler’s number, are constant values. Both are indicated with 

symbols because both numbers are irrational. They cannot be written in decimal form because they do 

not terminate. (Pi starts with 3.14159… and never ends.) They also cannot be written as fractions with 

whole numbers. 

This point may seem obvious at first, but can create confusion when symbols and variables are 

combined. For example: 

The graph of this function would be a horizontal line, even though it may seem like the graph would be 

complex. 

This information will be essential when covering DIFFERENTIATION. 



INDEPENDENT AND DEPENDENT VARIABLES 

Functions can also be described as relationships between two sets of numbers; the independent variables and the 

dependent variables. 

Independent variables do not depend on the function for their values, and represent the values that can be 

entered into a function. Dependent variables depend on the function for their values, and represent the values 

that result from entering values into a function. 

For example, look at the following function. 

 

The function F(x) takes a value, which is represented with the independent variable ‘x’, and squares it. The value of 

‘x’ is determined before the function does anything to it; that’s why it’s called the independent variable. 

What about the dependent variable? Here is a chart of values put into the function, and the calculated results: 

x F(x) 

-3 9 

-2 4 

-1 1 

0 0 

1 1 

2 4 

3 9 

Notice that the numbers in the F(x) column change. This column depends on the function to give it value. These 

numbers can be represented by a dependent variable, and are usually assigned to the letter ‘y’.  

Functions also have a rule. For an expression to be considered a function, each independent variable must produce 

a unique dependent variable. If functions can be thought of as machines, this makes sense. Imagine a soda 

machine – how frustrating would it be, if pressing a button would cause one of several different selections to drop 

down?  

However, two different independent variable values can produce the same dependent variable value. Again, think 

of the drink machine. No one minds if two buttons can be pressed to issue the same drink, as long as each button 

only issues one kind of drink. 

  

  

𝐹 𝑥 =  𝑥2
 



 

 

DOMAIN AND RANGE 

The domain of a function is the possible set of numbers which can be entered into the independent variable in a 

function (usually the variable ‘x’). Fortunately, in Calculus I, the only numbers dealt with are real numbers. 

Real numbers include the following: 

¶ Natural numbers (1, 2, 3, and so on) 

¶ Whole numbers (0, 1, 2, 3, and so on) 

¶ Integers (Whole numbers, plus negative values of natural numbers; …-2, -1, 0, 1, 2…) 

¶ Rational Numbers (Numbers which can be written as fractions. Since integers can be written as fractions 

over the number 1, they are rational numbers.) 

¶ Irrational Numbers (Numbers that cannot be written as fractions, such as 𝜋 or 𝑒. 

𝑓 𝑥 =  𝑥2 

F(x) and Y are the same thing 

Calculus involves some tricky equations. Some of the trickiest problems involve finding lines that are 

tangent to equations (touching the curve of the graph in exactly one spot) and intersecting some other 

point not on the graph. Don’t worry about understanding this now – when it comes up in class, you’ll 

know what I’m talking about. 

When you end up getting confused between an (x, y) coordinate and a specific point (a, b), it helps to 

remember that f(x) and y mean the same thing. 

For example, take this equation: 

The (x, y) coordinate can be written as (x, f(x)), or as (x, x
2
). A specific point on the graph of f(x), where 

the value of x = a, can be written as (a, a
2
) or (a, b) or even (a, f(a)). 

A good rule of thumb is to use x and y when talking about general locations on a graph, and use a and b 

when talking about specific locations on a graph. 

This information will be essential when covering WORD PROBLEMS. 



Complex numbers (involving the imaginary number 𝑖) are not part of Calculus I, thankfully. 

 

Many functions have a domain of all real numbers. For example: 

 

Any real number can be entered into this equation and the result will be another real number. 

In Calculus, the majority of functions have restricted domains. There are three main reasons why a domain is 

restricted: 

1. Math Reasons (the ones that made your 10
th

 grade Algebra teacher angry) 

2. Real-World Reasons (the ones that give you really weird answers, like to build a wall you need -28 feet of 

wood) 

3. Imposed Reasons (the ones where you, the instructor, or the book says so) 

MATH REASONS 

One kind of factor that restricts domain is the mathematical kind. To stay within the realm of Real numbers, there 

are several rules which cannot be broken. 

The first rule has been drilled into our heads since Elementary School. To break this law would be to unravel the 

very fabric of space and time, I’m sure. Everyone together now, for rule #1- 

RULE #1 ς THOU SHALT NOT DIVIDE BY ZERO 

Fractions can never have a zero in the denominator (the bottom). So, the first thing to look for when establishing 

the domain of a function is a fraction. If the independent variable is in the denominator, be cautious. 

𝐹 𝑥 =  𝑥2
 

 Symbology 
The following number sets are represented by letters. 

ℕ- Natural Numbers 

𝕎- Whole Numbers 

ℤ - Integers 

ℚ - Rational Numbers 

ℝ - Real Numbers 



Here is an example of a function with a domain that is restricted because division by zero is not allowed: 

 

 Since the denominator cannot equal zero, (x2 – 1) cannot equal zero. Therefore, x cannot be -1 or 1. 

RULE #2 ς THOU SHALT NOT TAKE AN EVEN ROOT OF A NEGATIVE NUMBER 

Square roots (and even-numbered roots of higher degree) of negative numbers do not have answers within the 

Real number set. These would be complex numbers, which are not discussed in Calculus I. 

Here is an example of a function with a domain that is restricted because taking an even root of a negative number 

is not allowed: 

 

Since the value inside the radical must be positive or zero, the domain of this function is all real numbers greater 

than or equal to zero. 

RULE#3 ς LOGARITHMS CANNOT CONTAIN NEGATIVE NUMBERS 

Logarithms are generally expressed in the following format: 

 

The variables ‘b’ and ‘x’ are restricted to positive real numbers, though ‘y’ can be a negative number. In the above 

example, the domain of the function is all real numbers greater than or equal to zero. 

REAL WORLD REASONS 

Sometimes, the domain is restricted due to the nature of the function. When the function is used to describe or 

calculate something in the real world, the domain can be restricted by two things. 

The first is by physical laws. For instance, if the following function is used to determine the area of a room: 

 

𝐴 𝑥 =  𝑥 (36 − 𝑥) 

log𝑏 𝑥 = 𝑦 

𝐹 𝑥 =   𝑥 

𝐹 𝑥 =  
2𝑥

𝑥2 −  1
 



We can restrict the domain by using common sense. Could the area of the room have a negative value? The 

answer is no. In the function above, x values would have to be between 0 and 36, or the answer would be 

nonsensical. 

 

 

 


